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DESINGULARIZING bm-SYMPLECTIC STRUCTURES
VICTOR GUILLEMIN, EVA MIRANDA, AND JONATHAN WEITSMAN
Abstract. A 2n-dimensional Poisson manifold (M,Π) is said to be bm-symplectic if it is symplectic
on the complement of a hypersurface Z and has a simple Darboux canonical form at points of Z
which we will describe below. In this paper we will discuss a desingularization procedure which,
for m even, converts Π into a family of symplectic forms ωǫ having the property that ωǫ is equal
to the bm-symplectic form dual to Π outside an ǫ-neighborhood of Z and, in addition, converges to
this form as ǫ tends to zero in a sense that will be made precise in the theorem below. We will then
use this construction to show that a number of somewhat mysterious properties of bm-manifolds
can be more clearly understood by viewing them as limits of analogous properties of the ωǫ’s. We
will also prove versions of these results for m odd; however, in the odd case the family ωǫ has to be
replaced by a family of “folded”symplectic forms.
1. Introduction
A b-symplectic manifold is an oriented Poisson manifold (M,Π) which has the property that the
map Πn : M −→ Λ2n(TM) intersects the zero section of Λ2n(TM) transversally in a codimension
one submanifold Z ⊂M . For such a Poisson manifold the dual to the bivector field Π is a generalized
De Rham form of b-type and defines a “b-symplectic”structure onM . The b in “b-symplectic”comes
from boundary as these structures were initially considered by Nest and Tsygan [NT] in connection
to deformation quantization of manifolds with boundary. The theory of calculus on manifolds with
boundary, or b-calculus, as developed by Melrose [M]1 is used in this study. Notwithstanding, in
this article the considered manifolds are manifolds without boundary and the critical set Z is an
hypersurface of the manifold.
b-Symplectic structures and their applications have been the topic of a number of recent articles
(see [GMP],[GMP2], [GL], [MO1], [FMM], [Ca], [MO2], [GMPS], [GLPR] [KMS], [GMPS2]) and
generalizations of these structures in which one no longer requires the transversality assumption
above have also been considered. In this paper we will be concerned with one such generalization,
due to Geoffrey Scott [S] in which the transversality assumption is replaced by the assumption that
away from Z, M is symplectic while at Z the Poisson structure has a simple local expression.
For bm-symplectic structures a Darboux normal form can be obtained as in the classical Darboux
theorem for symplectic structures but replacing one of the smooth coordinates by a bm-function.
So locally we can write
dx1
xm1
∧ dy1 +
n∑
2
dxi ∧ dyi.
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These structures known as bm structures and their “dual” folded-symplectic structures show up
modeling problems in Celestial Mechanics as the three-body problem or their restricted versions
whenever ad-hoc coordinates transformations such as McGehee coordinates or Kustaanheimo-Stiefel
regularizations are considered [KMS, DKM].
Our goal in this paper is to prove that such a duality exhibited in examples holds globally on
the manifold. In other words, in this paper we describe a “desingularization”of these structures:
Where m is even, we will construct a family of symplectic forms on M , depending on a parameter
ǫ, and having the property that as ǫ tends to zero these forms tend in the limit to the bm form
that is the dual object to the bm Poisson bivector field Π. Where m is odd, we prove an analogous
result, but with the family of symplectic forms replaced by a family of folded symplectic forms.
More explicitly we prove (Theorems 3.1 and 5.1):
Theorem. Let ω be a bm-symplectic structure on a compact manifold M and let Z be its critical
hypersurface.
• If m is even, there exists a family of symplectic forms ωǫ which coincide with the b
m-
symplectic form ω outside an ǫ-neighborhood of Z and for which the family of bivector fields
(ωǫ)
−1 converges in the C2k−1-topology to the Poisson structure ω−1 as ǫ→ 0 .
• If m is odd, there exists a family of folded symplectic forms ωǫ which coincide with the
bm-symplectic form ω outside an ǫ-neighborhood of Z.
One of the main concerns in Symplectic Geometry is to determine the topological constraints
for a manifold to admit a symplectic structure. In this spirit, the theorems that we prove in this
paper imply that any manifold admitting a b2k-symplectic structure also admits a honest symplectic
structure and therefore all the topological constraints for a manifold to be symplectic also apply
for a manifold to admit a b2k-symplectic manifold.
The same reasoning applies for b2k+1-symplectic structures and folded symplectic structures
though not every folded symplectic manifold admits a b2k+1-symplectic structure since the subclass
of desingularized folded symplectic structures is strict. In particular Cannas da Silva proved that
every 4-manifold admits a folded symplectic manifold but as proved in [GMP, MO1] not every
4-manifold admits a b-symplectic structure as some topological constraints apply2. In particular
S4 does not admit a b-symplectic structure but it admits a folded symplectic structure.
Our goal in introducing these families is that in attempting to define bm-analogs of a number of
basic invariants of symplectic and folded symplectic manifolds such as symplectic volume and, for
Hamiltonian G manifolds, moment polytopes and Duistermaat-Heckman measures, one encounters
a number of frustrating “infinities”that are hard to interpret or eliminate as it was already seen for
instance in [GMPS, GMPS2]. However, we believe (and will verify below in a couple of important
cases) that desingularization is an effective tool for getting around this problem.
Acknowledgements: We are indebted to the three referees of this paper for suggesting im-
provements. We are also grateful to Arnau Planas for helping us with the pictures in this paper.
2. Preliminaries
Let M be a compact manifold and let Z ⊂ M a hypersurface in M . In [GMP] a b-symplectic
form was defined as a 2-form in the complex of b-forms. In order to define this complex we first
considered the b-tangent bundle bT (M) (whose sections are defined as vector fields tangent to the
2The same applies for b2k+1-symplectic manifolds since the arguments in [MO1] can be adapted to the b2k+1-case
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critical hypersurface Z) and its dual bT ∗(M). The complex of b-forms was introduced a` la De Rham
as sections of the bundles Λk(bT ∗(M)).
In [S] a similar description was obtained for bm-symplectic forms. Let M be a compact oriented
manifold and let Z ⊂ M be a hypersurface in M, along with a choice of function x ∈ C∞(M)
such that 0 is a regular value of x and x−1(0) = Z. Given such a triple (M,Z, x), the fibers of the
bm-(co)tangent bundle are given by
bmTpM ∼=
{
TpZ+ < x
m ∂
∂x
> if p ∈ Z
TpM if p /∈ Z
bmT ∗pM
∼=
{
T ∗pZ+ <
dx
xm
> if p ∈ Z
T ∗pM if p /∈ Z
As in the case of b-manifolds, these fibres combine to form a bundle; a bm-manifold is a triple
(M,Z, x), along with these bundles.3
We then define
Definition 2.1. A symplectic bm-manifold is a bm-manifold (M,Z) with a closed bm-two form
ω which has maximal rank at every p ∈M .
To describe the properties of such forms we will need the following definitions and propositions
(see Section 4 in [S]).
Definition 2.2. A Laurent Series of a closed bm-form ω is a decomposition of ω in a tubular
neighborhood U of Z of the form
(1) ω =
dx
xm
∧
(
m−1∑
i=0
π∗(αˆi)x
i
)
+ β
where π : U → Z is the projection, where each αˆi is a closed smooth De Rham form on Z, and β
is a De Rham form on U .
Proposition 3.3 and Remark 3.4 in [S] yield,
Proposition 2.3 (Scott). In a tubular neighborhood of Z, every closed bm-form ω can be written
in a Laurent form of type (1) and the restriction of
∑m−1
i=0 π
∗(αˆi)x
i and β to Z are well-defined
closed 1 and 2-forms respectively.
2.1. Symplectic foliations and normal forms for bm-symplectic manifolds. We begin by
studying the symplectic foliation of the Poisson structure induced by a bm-symplectic form on the
critical hypersurface Z.
Proposition 2.4. Given a bm-symplectic manifold with bm symplectic form ω, the closed one-form
αˆ0 in the Laurent decomposition
ω =
dx
xm
∧ (
m−1∑
i=0
π∗(αˆi)x
i) + β
defines the codimension-one symplectic foliation F of the regular Poisson structure induced on the
critical hypersurface Z. The symplectic form on each leaf is given by the restriction of the 2-form
β. In addition one can find a Poisson vector field v on Z transverse to this foliation.
3By abuse of notation, we denote a bm-manifold by (M,Z), suppressing the function x. Note that Scott [S]’s
definition of a bm-manifold differs from ours by allowing local defining functions for Z.
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See section 4.1 in [GMP2] for the proof of this in the m = 1 case. For m > 1 the proof is
essentially the same and it only requires the identification of the symplectic foliation associated to
the dual Poisson structure.
Remark 2.5. The vector field v is the unique vector field satisfying the equations{
ιvαˆ0 = 1
ιvβ = 0
where αˆ0 is the defining one-form for the foliation F and β a closed 2-form on Z that restricts to
the symplectic form on every leaf of F .
Remark 2.6. As in [GMP] the pair of forms (αˆ0, β) defines a cosymplectic structure on Z.
By Theorem 13 in [GMP] one gets,
Theorem 2.7. If F contains a compact leaf L, then every leaf of F is diffeomorphic to L, and Z is
the total space of a fibration f :M → S1 with fiber L, and F is the fiber foliation {f−1(θ)|θ ∈ S1}.
As it was proved in Corollary 4 in [GMP] if the manifold Z is compact then it is the mapping
torus of the map φ : L→ L given by the holonomy map of the fibration over S1, L×[0,1](x,0)∼(φ(x),1) with
φ is the first return map of exp tv and v the vector field above.
2.2. bm-versions of the Moser and Darboux theorems. For m = 1 the statement and proof of
these results can be found in [GMP2]. The proof in [GMP2] is based on the Moser path method for
b-symplectic structures; however, the Moser path method also works for bm-symplectic structures
(see Theorems 5.2 and 5.3 in [S]), so the results apply to bm−symplectic manifolds as well. The
first of these theorems asserts
Theorem 2.8. If ω0, ω1 are symplectic b
m-forms on (M,Z) with Z compact and ω0|Z = ω1|Z , then
there are neighborhoods U0, U1 of Z and a b
m-symplectomorphism ϕ : (U0, Z, ω0)→ (U1, Z, ω1) such
that ϕ|Z = Id.
(For the proof see [GMP2], Theorem 6.5). Consider now the decomposition of a bm form
(2) ω = α ∧
dx
xm
+ β, with α ∈ Ω1(M) and β ∈ Ω2(M).
Remark 2.9. Observe that this theorem being of semilocal flavor holds in a neighborhood of a
compact submanifold, independently of the compactness of the ambient manifold. Also the Moser
theorem in [S] is global and the semilocal applications of it (cf. Theorem 5.2 in [S]) contain unnec-
essary hypotheses on the cohomology classes of the bm-symplectic form (compare with Theorem 34
in [GMP]).
To prove the bm-version of the Darboux theorem we will need,
Proposition 2.10. (See Proposition 10 in [GMP]) Let α˜ = i∗α and β˜ = i∗β, where i : Z →֒ M
denotes the inclusion. Then the forms α˜ and β˜ are closed. Furthermore,
a) The form α˜ is nowhere vanishing and intrinsically defined in the sense that it does not
depend on the splitting (2). In particular, the codimension-one foliation of Z defined by α˜
is intrinsically defined.
b) For each leaf L
iL
→֒ Z of this foliation, the form i∗Lβ˜ is intrinsically defined, and is a sym-
plectic form on L.
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c) In (2) we can assume without loss of generality that:
• The forms α and β are closed.
• The form α ∧ βn−1 ∧ dx is nowhere vanishing.
• And, in particular, the form i∗(α ∧ βn−1) is nowhere vanishing.
The same proof can be adapted for m > 1 since α˜ = α˜0. We will now show
Theorem 2.11 (bm-Darboux theorem). Let ω be a bm-symplectic form on (M,Z) and p ∈ Z. Then
we can find a coordinate chart (U, x1, y1, . . . , xn, yn) centered at p such that on U the hypersurface
Z is locally defined by x1 = 0 and
ω =
dx1
xm1
∧ dy1 +
n∑
i=2
dxi ∧ dyi.
Proof. Write ω = α ∧ dx1
xm1
+ β, and α˜ = i∗α and β˜ = i∗β, with i : Z →֒ M the inclusion. From
Proposition 2.10, for all p ∈ Z, we have α˜p non-vanishing. Thus α˜p ∧ β˜p 6= 0 and β˜p ∈ Λ
2(T ∗pZ) has
rank n− 1. Thus we can assume
ω|Z = (
dx1
xm1
∧ dy1 +
n∑
i=2
dxi ∧ dyi)|Z .
and the assertion above follows from Theorem 2.8. 
3. Desingularizing b2k-symplectic structures
Consider a manifold M equipped with a b2k-symplectic structure given by a b2k-symplectic form
ω. In view of the Laurent decomposition given in Proposition 2.3, we have in a tubular neighborhood
U of Z
(3) ω =
dx
x2k
∧ (
2k−1∑
i=0
αix
i) + β
where αi = π
∗(α̂i) with α̂i closed one-forms on Z and π : U → Z denoting the projection.
Let f ∈ C∞(R) be an odd smooth function satisfying f ′(x) > 0 for all x ∈ [−1, 1] as shown below,
x
y
y = f(x)
−2
−1
0
1
2
−1 0 1
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and satisfying
f(x) =
{
−1
(2k−1)x2k−1
− 2 for x < −1
−1
(2k−1)x2k−1
+ 2 for x > 1
outside the interval [−1, 1].
Now we scale the function f to construct a new function
(4) fǫ(x) :=
1
ǫ2k−1
f
(x
ǫ
)
.
Thus outside the interval [−ǫ, ǫ] ,
fǫ(x) =
{
−1
(2k−1)x2k−1
− 2
ǫ2k−1
for x < −ǫ
−1
(2k−1)x2k−1
+ 2
ǫ2k−1
for x > ǫ
We replace dx
x2k
by dfǫ in the expansion (3) an ǫ-neighborhood and obtain a differential form
ωǫ = dfǫ ∧ (
2k−1∑
i=0
αix
i) + β
Since ωǫ agrees with ω outside an ǫ neighborhood of Z, it extends to a differential form on all
of M. We denote this extension (by abuse of notation) by ωǫ, the fǫ-desingularization
4 of the
b2k-symplectic structure ω.
Theorem 3.1. The fǫ-desingularization ωǫ is symplectic. The family ωǫ coincides with the b
2k-
symplectic form ω outside an ǫ-neighborhood. The family of bivector fields ω−1ǫ converges to the
Poisson structure ω−1 in the C2k−1-topology as ǫ→ 0 .
As a consequence of this theorem we obtain,
Theorem 3.2. A manifold admitting a b2k-symplectic structure also admits a symplectic structure.
In particular the topological constraints that apply for symplectic structures also apply for b2k-
symplectic structures.
This point of view in the study of bm-symplectic forms yields several consequences. In this paper
we concentrate on a couple of them concerning volume forms and Hamiltonian actions.
We now prove Theorem 3.1.
Proof. Clearly for all ǫ, the form ωǫ = dfǫ ∧ (
∑2k−1
i=0 αix
i) + β is closed since all the one forms αi
and the 2-form β are closed.
Let us check that it is symplectic. Outside U, ωǫ coincides with ω. In U but away from Z,
ωnǫ =
dfǫ
dx
x2kωn
4which we can also refer to as deblogging since it eliminates the b/log-singularity
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which is nowhere vanishing. To check that ωǫ is symplectic at Z, observe that
ωǫ = dfǫ ∧ (
2k−1∑
i=0
xiαi) + β = ǫ
−2kf ′
(x
ǫ
)
dx ∧ (
2k−1∑
i=0
xiαi) + β
which on the interval |x| < ǫ is equal to ǫ−2k(f ′
(
x
ǫ
)
dx ∧ α0 +O(ǫ)) + β and hence
ωǫ
n = ǫ−2k(f ′
(x
ǫ
)
dx ∧ α0 ∧ β
n−1 +O(ǫ))
which is non-vanishing for ǫ sufficiently small. because dx∧α0 ∧ β
n−1 6= 0 by Proposition 2.10 and
f ′ 6= 0 by definition of f . So we conclude that ωǫ is symplectic.
Let us now prove that the family of bivector fields ω−1ǫ converges to ω
−1 when ǫ → 0 in the
C2k−1-topology.
Consider the form ω and the family ωǫ. Then in b
2k-Darboux coordinates (Theorem 2.11),
ωǫ = ǫ
−2kf ′
(x
ǫ
)
dx ∧ dy + dx2 ∧ dy2 + · · · + dxn ∧ dyn
and
ω =
1
x2k
dx ∧ dy + dx2 ∧ dy2 + · · ·+ dxn ∧ dyn
We wish to verify that the family ω−1ǫ of bivector fields given by
(5) ω−1ǫ = ǫ
2kg
(x
ǫ
) ∂
∂x
∧
∂
∂y
+
∂
∂x2
∧
∂
∂y2
+ · · ·+
∂
∂xn
∧
∂
∂yn
where g(x) = 1
f ′(x) , converges to
(6) ω−1 = x2k
∂
∂x
∧
∂
∂y
+
∂
∂x2
∧
∂
∂y2
+ · · · +
∂
∂xn
∧
∂
∂yn
as ǫ tends to zero.
The bivector field ω−1ǫ converges to the bivector field ω
−1 in the C2k−1 topology if ǫ2kg
(
x
ǫ
)
converges to x2k in the C2k−1 topology. Since ǫ2kg
(
x
ǫ
)
is identically equal to x2k for |x| > ǫ, it
suffices to check that on the interval [−ǫ, ǫ], the (2k−1)th derivative of ǫ2kg
(
x
ǫ
)
converges to (2k)!x
in the uniform norm.
On [−ǫ, ǫ] the function (2k)!x is bounded by a constant multiple of ǫ. On the other hand,(
ǫ2kg
(x
ǫ
))(2k−1)
= ǫg(2k−1)
(x
ǫ
)
with g(2k−1)(t) a smooth function on −1 < t < 1. Since both (2k)!x and
(
ǫ2kg
(
x
ǫ
))2k−1
are bounded
by constant multiples of ǫ on [−ǫ, ǫ], so is their difference, which gives us the desired convergence.

4. Desingularization and volume formulae
4.1. Volume formulae for b2k-symplectic manifolds. We recall from section 5.1 in [S] the
following construction which relates the volume with the Laurent decomposition of a bm-symplectic
structure.
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On a tubular neighborhood U = Z × (−1, 1), ω = dx
x2k
∧ (
∑2k−1
i=0 x
iαi) + β. Hence for Uǫ =
Z × (−ǫ, ǫ), the symplectic volume of M \ Uǫ is, up to a bounded term pertaining to the volume of
M \ U , given by
(7)
2k−1∑
i=0
∫
U−Uǫ
dx
x2k−i
∧ αi ∧ β
n−1
Furthermore,
(8) β = dx ∧ γ +
2k−1∑
j=0
xjπ∗(βj) +O(x
2k)
where βj are 2-forms on Z. For the sake of simplicity, from now own we will denote π
∗(βj) as βj .
Plugging equation (8) into equation (7) we get,
(9)
2k−1∑
i=0
∫
Iǫ
 dx
x2k−i
∫
Z
αi ∧
2k−1∑
j=0
xjβj
n−1+O(1)
where Iǫ = (−1,−ǫ) ∪ (ǫ, 1). Thus,
(10)
∫
M\Uǫ
ωn =
k∑
i=1
ciǫ
−(2i−1) +O(1)
where the ci are linear combinations of the integrals∫
Z
αj1 ∧ βj2 ∧ · · · ∧ βjn
4.2. The desingularized version. Let us compute the symplectic volume of M with respect to
the symplectic form
(11) ωǫ = dfǫ ∧ (
2k−1∑
i=0
xiαi) + β
Outside the tubular neighborhood, Uǫ, ωǫ coincides with ω, so we get, for the integral of
ωǫ
n over the complement of this tube neighborhood, the result described above. What about the
integral on the tube neighborhood?
Recall that
fǫ(x) = ǫ
−(2k−1)f
(x
ǫ
)
where f is the function defined in (4) and thus the integral of ωǫ
n over Uǫ is given by
(12)
∫
Uǫ
dfǫ ∧ (
2k−1∑
i=0
xiαi) ∧ β
n−1,
which by equation (8) can be rewritten as
(13)
2k−1∑
i=1
bi
∫ ǫ
−ǫ
dfǫ
dx
xidx
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plus a bounded error term where the coefficients bi like the ci are linear combinations of the integrals∫
Z
αj1 ∧ βj2 ∧ · · · ∧ βjn .
To evaluate the integrals ∫ ǫ
−ǫ
dfǫ
dx
xidx
we make the change of coordinates x = ǫy which converts the integral above into
(14) ǫ−(2k−1)+i
∫ 1
−1
df
dy
(y)yidy.
Therefore since f(−y) = −f(y) this quantity is zero for i odd and equal to a positive constant
multiple of ǫ−(2k−1)+i for i even. Thus,
(15)
∫
Uǫ
ωnǫ =
k∑
i=1
aiǫ
−(2i−1)
where the ai’s like the bi’s and ci’s are linear combinations of integrals of type∫
Z
αj1 ∧ βj2 ∧ · · · ∧ βjn .
Finally combining equations (15) and equation (10) this proves
Theorem 4.1. The volume determined by the desingularized symplectic form ωǫ is given by∫
M
ωǫ
n =
k∑
i=1
(ai + ci)ǫ
−(2i−1) +O(1)
where the coefficients ai’s and ci’s are linear combinations of integrals of type
∫
Z
αj1∧βj2∧· · ·∧βjn .
4.3. Leading terms. The results in this section tell us how the symplectic volume grows asymp-
totically when ǫ→ 0. The leading term in the asymptotic expansion given by formula (10) is
(16)
2
2k − 1
ǫ−(2k−1)
∫
Z
α0 ∧ β
n−1
0
and the leading term in the asymptotic expansion inside Uǫ is
(17) 4ǫ−(2k−1)
∫
Z
α0 ∧ β
n−1
0
so adding equations (16) and (17) we obtain the following asymptotic result for the symplectic
volume of M with respect to ωǫ :
Theorem 4.2 (Asymptotics for the symplectic volume). For (M,ω) a 2n-dimensional b2k-symplectic
manifold, the asymptotics of the symplectic volume of the family (M,ωǫ) as ǫ→ 0 are:∫
ωǫ
n ∼ 2(2 +
1
2k − 1
)ǫ−(2k−1)
∫
Z
α0 ∧ β
n−1
0
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5. Desingularizing b2k+1-symplectic structures
LetM be a b2k+1-symplectic manifold. In view of the Laurent decomposition given in Proposition
2.3 in an ǫ-neighborhood of Z the b-symplectic form has the decomposition, in local coordinates
ω =
dx
x2k+1
∧ (
2k∑
i=0
π∗(αi)x
i) + β
Let f ∈ C∞(R) satisfy
• f > 0.
• f(x) = f(−x).
• f ′(x) > 0 if x < 0.
• f(x) = −x2 + 2 if x ∈ [−1, 1].
• f(x) = log(|x|) if k = 0, x ∈ R \ [−2, 2].
• f(x) = −1
(2k+2)x2k+2
if k > 0, x ∈ R \ [−2, 2].
as depicted here:
x
y
y = f(x)
1
2
−2 −1 0 1 2
Now define
(18) fǫ(x) :=
1
ǫ2k
f
(x
ǫ
)
and, as in the even case, let
(19) ωǫ = dfǫ ∧ (
2k∑
i=0
π∗(αi)x
i) + β
We can prove the following
Theorem 5.1. The 2-form ωǫ is a folded symplectic form which coincides with ω outside an ǫ-
neighborhood of Z.
Proof. By definition of the function fǫ, ωǫ coincides with ω outside an ǫ-neighborhood of the critical
hypersurface Z. As in the proof of Theorem 3.1, it is easy to see that ωǫ is symplectic away from Z.
In order to check that ωǫ is a folded symplectic structure, we need to check that ωǫ
n is transverse to
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the zero section of the bundle Λn(T ∗M) and also that (i∗ωǫ)
n−1 is non-vanishing where i : Z →֒M
denotes the inclusion.
Let us denote by αi = π
∗(α̂i) with α̂i one-forms on Z. Since
ωǫ = dfǫ ∧ (
2k∑
i=0
xiαi) + β = ǫ
−(2k+1)f ′
(x
ǫ
)
dx ∧ (
2k∑
i=0
xiαi) + β,
which on the interval |x| < ǫ is equal to ǫ−(2k+1)(f ′
(
x
ǫ
)
dx ∧ α0 +O(ǫ)) + β and hence
ωǫ
n = ǫ−(2k+1)(f ′
(x
ǫ
)
dx ∧ α0 ∧ β
n−1 +O(ǫ))
Now observe that for ǫ sufficiently small ωǫ
n is transverse to the zero section of Λn(T ∗M) because
on one hand dx ∧ α0 ∧ β
n−1 6= 0 (by Proposition 2.10) and on the other, by definition of f ,
f(x) = −x2 + 2 so f ′(x) = −2x vanishes linearly at x = 0. Observe too that (i∗ωǫ)
n−1 is non-
vanishing because β induces a symplectic structure on each of the symplectic leaves of the original
b2k+1-symplectic structure ω, and therefore βn−1 6= 0. Thus ωǫ is a folded symplectic structure.

As a consequence of this fact we obtain the following theorem which generalizes some of the
results contained in Section 3 in [FMM] for b-symplectic manifolds5:
Theorem 5.2. A manifold admitting a b2k+1-symplectic structure also admits a folded symplectic
structure.
6. Group actions and desingularization
We conclude by briefly mentioning some applications of desingularization which we propose to
explore in detail in a sequel to this paper.
In the papers [GMPS] and [GMPS2] it was shown that two classical theorems in equivariant
symplectic geometry, the Delzant theorem and the Atiyah-Guillemin-Sternberg convexity theorem,
have analogs for b-symplectic manifolds. We will show that these theorems also have analogs for
for bm-manifolds (except for the assertion in Delzant’s theorem that “the moment image of M
determines M up to symplectomorphism”).
In addition we will use the desingularization procedure to prove bm-versions of the Kirwan con-
vexity theorem and of the Duistermaat-Heckman theorem (concerning the latter the main ingredient
in our proof will be the observation that in the vicinity of the critical hypersurface Z, the desingu-
larized Duistermaat-Heckman measure can be easily computed and its behavior as ǫ tends to zero
easily described using Theorems 3.1 and 5.1.)
Finally we note that the complexities that are required to keep track of the “infinities” occurring
in the bm-versions of the theorems above can largely be avoided by viewing these infinities as coming
from the desingularization process as ǫ tends to zero.
5 In [FMM] it was already noticed that b-symplectic manifolds share many properties with folded symplectic
manifolds in particular in Theorem A in [FMM] it was proved that an orientable open manifold M is b-symplectic if
and only if M × C is almost-complex. On the other hand observe that the existence of an almost-complex structure
on M × C is equivalent to the existence of a folded symplectic form as proved in [C].
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6.1. A convexity result for bm-symplectic manifolds. In what follows we will assume for
simplicity that the hypersurface Z is connected; this assumption can readily be removed. As done
in [GMPS] for b-symplectic manifolds, we can define Hamiltonian actions in the bm-setting.
Definition 6.1. An action of a torus G = Tn on the bm-symplectic manifold (M,ω) is called
Hamiltonian if it preserves ω and ιX#ω is b
m-exact for any X ∈ g.
Given such a Hamiltonian action on a bm-manifold M , this action is also Hamiltonian with
respect to the desingularized forms. Hence if m is even, we obtain a family of symplectic forms
and a family of Hamiltonian actions on the pairs (M,ωǫ). Observe in this case the desingularized
forms are symplectic and we can invoke the Atiyah-Guillemin-Sternberg convexity theorem for the
moment map ([At], [GS]).
Let us denote by Fǫ the associated family of moment maps. Then the images of these moment
maps are convex polytopes. To describe those polytopes, there are two cases to consider6:
Case 1. The image of the moment map coincides with the image of the moment map induced in
the symplectic foliation in the critical set 7. In this case the moment polytope for M coincides with
the image of the moment map on one of the symplectic leaves in Z.
Case 2. The function fǫ is one of the components of the moment map
8. These polytopes are as
depicted in the picture on the left below where we use the explicit expression of fǫ:
(
1
λ
)2k−1
+
2
λ
lλ
−
(
1
λ
)2k−1
−
2
λ
−lλ
Image of Z
(
1
λ
)2k−2
+
2
λ
lλ
Image of Z
Figure 1. On the left moment map image of desingularization, even case. In the
figure the region above lλ and the region below −lλ are independent of ǫ for ǫ < λ.
On the right moment map image of desingularization, odd case.
6By analogs of the results in [GMPS], these are the only two cases that occur, even when the number of connected
components of Z is greater than 1.
7In this case all the connected components for the initial action have zero modular weight. Cf. Section 6 in
[GMPS].
8 In this case, all the connected components for the initial action have non-zero modular weight. Cf. Section 6 in
[GMPS].
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Finally for b2k+1-symplectic manifolds the desingularization gives us folded symplectic manifolds
and for these the moment polytopes are the folded versions of the polytopes above, as depicted in
the figure above on the right.
We will give a more detailed and rigorous account of these results in a future paper. Similarly we
will prove analogues of the Duistermaat-Heckman theorems and the Delzant theorem using these
methods.
References
[At] M.F. Atiyah, Convexity and commuting Hamiltonians, Bull. London Math. Soc. 14, pp. 1-15 (1982).
[C] A. Cannas, Fold-forms for four-folds, J. of Sympl. Geom. 8 (2010), no. 2, 189–203.
[CGP] A. Cannas, V. Guillemin, A.R. Pires, Symplectic Origami, Int. Math. Res. Notices, no. 18, pp 4252-4293,
2011.
[Ca] G. Cavalcanti, Examples and counter-examples of log-symplectic manifolds, arXiv:1303.6420.
[DKM] A. Delshams, A. Kiesenhofer and E. Miranda, Examples of integrable and non-integrable systems on singular
symplectic manifolds. J. Geom. Phys. 115 (2017), 89–97.
[FMM] P. Frejlich, D. Mart´ınez and E. Miranda, A note on symplectic topology of b-manifolds , to appear at
Journal of Symplectic Geometry arXiv:1312.7329.
[GL] M. Gualtieri and S. Li, Symplectic groupoids of log symplectic manifolds, Int. Math. Res. Not. IMRN 2014,
no. 11, 30223074.
[GLPR] M. Gualtieri, S. Li, A. Pelayo, T. Ratiu, The tropical momentum map: a classification of toric log symplectic
manifolds. Math. Ann. 367 (2017), no. 3-4, 1217–1258.
[GS] V. Guillemin, S. Sternberg, Convexity properties of the moment mapping, Invent. Math. 67 (1982), no. 3,
491-513.
[GS2] V. Guillemin, S. Sternberg, Convexity properties of the moment mapping II, Invent. Math. 77 (1984), no.
3, 533-546.
[GMP] V. Guillemin, E. Miranda and A.R. Pires, Codimension one symplectic foliations and regular Poisson struc-
tures, Bulletin of the Brazilian Mathematical Society, New Series 42 (4), 2011, pp. 1–17.
[GMP2] V. Guillemin, E. Miranda, A.R. Pires, Symplectic and Poisson geometry on b-manifolds, Adv. Math. 264,
pp. 864-896 (2014).
[GMPS] V. Guillemin, E. Miranda, A. R. Pires and G. Scott, Toric actions on b-symplectic manifolds, Int. Math.
Res. Not. IMRN 2015, no. 14, 5818–5848.
[GMPS2] V. Guillemin, E. Miranda, A. R. Pires and G. Scott, Convexity for Hamiltonian torus actions on
b-symplectic manifolds, arXiv:1412.2488, to appear at Mathematical Research Letters.
[KM] A. Kiesenhofer and E. Miranda, Cotangent Models for Integrable Systems. Comm. Math. Phys. 350 (2017),
no. 3, 1123–1145.
[KMS] A. Kiesenhofer, E. Miranda and G. Scott, Action-angle variables and a KAM theorem for b-Poisson
manifolds, J. Math. Pures Appl. (9) 105 (2016), no. 1, 66–85.
[MO1] I. Marcut and B. Osorno, On cohomological obstructions for the existence of log-symplectic structures., J.
Symplectic Geom. 12 (2014), no. 4, 863–866.
[MO2] I. Marcut and B. Osorno, Deformations of log-symplectic structures , J. Lond. Math. Soc. (2) 90 (2014),
no. 1, 197–212.
[M] R. Melrose, The Atiyah Patodi Singer Index Theorem, Res. Not. Math., A. K. Peters.
[NT] R. Nest and B. Tsygan, Formal deformations of symplectic manifolds with boundary, J. Reine Angew. Math.
481, 1996, pp. 27–54.
[S] G. Scott, The Geometry of bk Manifolds, J. Symplectic Geom. 14 (2016), no. 1, 7195.
Victor Guillemin, Department of Mathematics, Massachussets Institute of Technology, Cambridge
MA, US, e-mail: vwg@math.mit.edu
Eva Miranda, Departament de Matema`tiques, Universitat Polite`cnica de Catalunya and BGSMath
Barcelona Graduate School of Mathematics, Barcelona, Spain e-mail: eva.miranda@upc.edu
Jonathan Weitsman, Department of Mathematics, Northeastern University, Boston MA, US, e-mail:
j.weitsman@neu.edu
